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Abstract 

In the paper, we investigate a local boundary value problem with transmitting 
condition of the integral form for mixed parabolic-hyperbolic equation with non¬ 
characteristic line of type changing. Two theorems on strong solvability and the 
existence of eigenvalues of the considered problem have been proved. 
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Introduction 

Main problems of the spectral theory of boundary value problems (BVPs) 
for mixed type equations one can divide as follows: 

1) characterization of the spectrum of boundary problems; 

2) construction of root (eigenfunctions and associated functions) functions; 

3) investigation of the completeness and basis property of root functions in 
various functional spaces. 

Investigation of BVPs for mixed type equations becomes one of the main 
problems of the general theory of partial differential equations due to several 
applications of it in both in practice and theory. Nevertheless, despite the great 
attention to this problem by mathematicians, questions of the spectral theory of 
BVPs, in particular, for equations of mixed parabolic-hyperbolic type equations 
with integral transmitting conditions, remained hitherto unexplored. 
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In the work [ij , analog of the generalized Tricomi problem with integral glu¬ 
ing conditions for mixed parabolic-hyperbolic equation was studied. Theorems 
on strong solvability and on the absence of eigenvalues were proved. In [l[ one 
can find historical information and notation on main scientific results on related 
field. 

Omitting huge amount of work, we just note some of them, which are closely 
related to the present problem. One of the first investigations of BVPs with non- 
continuous transmitting conditions for parabolic-hyperbolic equations was work 
0. In 0 authors investigated initial-boundary value problems for mixed type 
equations in multi-dimensional domains, which appear at studying problems on 
motion of conducting fluid in an electromagnetic field. 

In the work Q the propagation of electrical oscillations in composite lines, 
when on the interval 0 < x < ^ of the semi-infinite line losses are neglected, 
and the rest of the line is considered as a cable without leakage was reduced to 
solving a system of equations 


+ = 0<.<, 


i?/2 + ^=0, C2^ + ^ 

ox at ox 


= 0 , I < X < oo 


with initial 

t^ilt=o = 0, t^2lt=o = 0 

and boundary conditions 


Uil^o = E{t), limC/2 = 0, 

X—¥C!0 

together with requirement of the continuity of the voltage and current 

Here L, Ci are inductance and capacitance (per unit length) of the first part of 
the line; i?, C 2 are resistance and capacitance of the second part. 

Easy to ensure that if one exclude current from the system, the following 
parabolic-hyperbolic equation 

{ ^\Uxx ^yyi 0 ^ X 

fli^XX ~ Uy, I < X < - 1-00 

can be deduced together with boundary conditions 

C/(x, 0) = 0, C/y(x, 0) = 0, 0 < X </, C/(x, 0)=0, I < x < 00 , 

UiO,y) = E{y), lim U{x,y) = 0. 


2 



In this case transmitting condition will have form of 


U{l-0,y) = U{l-\-0,y), Ux{l O^y) = ^ J Ux{l - 0,r])dr], 

0 


where 


La 
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Another example of application can be found in the work Q. 

Investigation of the unique solvability and spectral questions of some BVPs 
with integral transmitting conditions for parabolic-hyperbolic equations were 
done in works i - 0- Regarding the investigation of semilinear parabolic- 
equations we refer the readers to the works [llj | - 0. 

In the present work, a new class of local BVPs with integral transmitting 
conditions for mixed parabolic-hyperbolic equations, which have eigenvalues, is 
found. 


Formulation of the problem 

Let n C be a finite simple-connected domain, bounded at j/ > 0 by seg¬ 
ments AAq, AqBq, BqB {A = (0,0), Ao = (0,1), So = (!> 1) > B (1,0)), and at 
y < 0 by characteristics AC : x -|- y = 0, BC : x — y = 1 of the equation 

Lu = f{x,y), (1) 


where 


r Ua; y ^ 

^yy: 2 /^ 0 - 


We consider the following variant of the Tricomi problem for parabolic-hyperbolic 
equation. 

Problem B. Find a solution of the equation (1), satisfying boundary con¬ 
ditions 


'^{aAqUAqBq 0; 

(2) 

Ux + Uy \bC = 0 

(3) 


and transmitting condition on the type-changing line 


Ux{x, -|-0) = Ux{x, —0), Uy{x, -1-0) = auy{x, —0) ~ P J —0)dt, 0 < x < 1, 

0 

(4) 

where a, /3 S i?, such that -I- /3^ > 0. 

Denote Dq = D fl {y > 0} , Di = D fl {y < 0}, let W be a set of functions 
belong to 

C (D) n (Do) n (Di) , 
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satisfying equation (1) and condition (2)-(4). 

Function u € L 2 (fi) we call as strong solution of the problem, if there 
exists a sequence of functions {u„}, Un € W, such that llwn — + 

\Wn — '*^llvi/i(ni) \\Lun — /IIq —>■ 0 for n —>■ 00 . Here and further, by H-H; we 
denote norm of the Sobolev space VFj (fl), where W 2 (H) = L 2 (H). 


Main result 


Theorem 1. For any function f G L 2 (H) there exists unique strong solution 
of the problem B. This solution belongs to the class of functions W 2 (H) fl 
W 2 ’^ (Ho) n C (fl), satisfies the following inequality 

ll^llw2Hf2o) ll^ll — '^ll/llo (®) 

and represented as 


u{x,y) 


JJ K {x,y;xi,yi) f {xi,yi) dxidyi, 


( 6 ) 


where K G L 2 {fl x fl). 

Proof; According to the unique solvability of the first boundary problem 
for the heat equation with conditions (2) and u {x, 0) = t{x), t (0) = 0, and the 
Darboux problem for the wave equation with conditions (3), u(x,0) = t(x), 
T (0) = 0, solution of the equation (1) can be represented as follows 


' X 1 

f dxi f G (x - xi,y, yi) f {xi,yi) dyi + 
0 0 

X 

+ jGy^{x-xi,y,0)T{xi)dxi, y > 0, 
u{x,y) = < 0 


V 1 

Jd^iJ fii^i,Vi)dr]i+Tir]), y<0, 
i V 


(7) 


where /i(C,??) = (, = x + y, y = x - y, and G{x- xi,y,yi) is 

Green’s function of the first boundary problem for heat equation in a rectangle 
AA[)B^)B, which has a form: 


G{x,y,yi) 



+ 00 

E 


n— — oc 


(y-y-i +2nG 

e 


(y + yi+2n)^ 

— e 


( 8 ) 


Considering (8), calculating derivative and passing to the limit as y tends 


to zero in Hq, we obtain first functional relation between functions t (x) and 
{x) = || (x, +0) given as 


^1 (x) 


J k{x — t)T' (t) dt + $0 (x ), 

0 


(9) 
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where 


1 


+ 00 


k (x) = —j= ^ 

’ fi:x 


( 10 ) 


X i 

^o{x)= J dxi j Gq{x - xi,yi) f {xi,yi)dyi, (11) 


Go {x,yi) = Gy {x,yi,0) = 


1 


+ 00 


iVi + 2n) 


e 4x . (12) 


2Gttx^/'^ ^ 

'' n— 

Similarly, we find another integral-differential relation between functions 
_ ^)a.^_Q) Qj^ reduced from the domain lli. It has 

1 

(13) 


the form 


1^2 (x) = —t' (a;) — 2 J dt, 0 < a; < 1. 


Let a ^ 0. From (9) and (13) based on transmitting conditions (4), we deduce 
integral equation with respect to t'{x): 


X 


(14) 


Here 


ki{x — t) = — [k{x — t) + f3]. 
a 


(15) 


F(x) =--$o(x) - 2 [ fi{x,r]i)dr]i+ — [ dt [ fi{x,r]i)dr]i. (16) 

a J a J J 

X 0 t 

Thus, the problem is equivalently reduced to the second kind Volterra integral 
equation (14). Since by (10), the kernel k (x) can be represented as 

k (x) = _ + k{x), 


where k (x) G G°° [0; 1], then from (15) it follows that fci (x) has weak singular¬ 
ity. Therefore, there exists the unique solution of (14) and it has a form 


X 

r'M = F(.) + /r(.-,)F(,)A 


(17) 


where F (x) is resolvent kernel of (14), which defined as 


r(a;) = ( 2 ;), 

1=1 
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kj+i (x) = j ki{x — t) kj (t) dt, j € N. 

0 

Considering r (0) = 0 after some evaluations, from (17) we get 

X 1 

f Gi(x- xi,yi) / (xi,yi) dyi- 
0 0 

-2f d^iJTi (x,^i)fi (^i,yi)dyi + ^ / / /i f Ti (x,t)dt 

0 ?i 0 5i 

(18) 

where 

X 

Fi (x, t) = 1 + J T {z — t) dz^ (19) 

t 


X 

Gi {x-xi,yi)= J Go {t- xi,yi)ri {x,t)dt. 


Substituting (18) into (7), we deduce the formula (6), where 
K (x, y; xi,yi) = 6 (y) {0 (yi) 0 {x - Xi) G 2 (x - Xi,y, yi) - 

-0{-yi) 0{x-^i)G3{x-^i,y) + ^0{x-^i)G4{x-^i,y) | + 

i-y) ( 7 / 1 ) 0{y- xi) Gi {y -Xi,yi) + 0 {-yi) [\0 (ry - Ci) x 


xd (^1 - ^) 0 (ryi -y)-0{y- ^ 1 ) 


ri {y,ii) + ^!T{y-t)dt 

Cl 


( 20 ) 


X 

G 2 (x - xi,y) = G(x- xi,y,yi) - ^ J GyA^- t,y,0) Gi {t - xi,yi) dt, 

Xi 

X 

Go {x-A'.y) = J Gy^ ix-t,y,0)ri {t,^i)dt, 

Cl 

X X 

Gi {x-^i,y) = j dt j Gy^ {x-t,y,0)ri {t,z)dz, 

Cl Cl 

a(„\ _ / 1 ’ if y>0, 

0 , ^f y<0. 

Similarly as in [1] (see proof of the Lemma 1), one can prove that 
K {x, y, xi,yi) G L 2 (fl x 11). 
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Considering (11) by virtue of direct calculations from (16) we can state that the 
estimate 

is valid. Therefore, from (14) we have 

Ik' k)llL.(0,l)<C^ll^^k)llL.(0.1)<^^ll/llo- 

Based on this and properties of the solution of the first boundary problem for 
heat equation, it follows that solution of the problem B belongs to the class of 
functions W 2 (fi) H 14^2^’^ (Oq) fl C (fl) and satisfies inequality (5). 

Now we show that found solution will be strong. Since Cg (d) is dense in 
L 2 (fi), then for any function f G L 2 (fl) there exists a sequence of functions /„ G 
Cq (H) such that ||/„ — /|| —>• 0, n —>• 0. Here Cq (H) is a set of differentiable 
functions in fl, which are equal to zero in neighborhood of dfl (dfl is a boundary 
of the domain fl). Denote that Un = £~^fn ,where is inverse of the operator 

£ of the problem . 

Easy to conclude that (x) G [0; 1] at /„ G Cg {fl). Here by Fn{x) 
we denote representation similar to (16), where f{x,y) should be replaced with 
fn{x,y). Hence, equation (14) we can consider as the second kind Volterra 
integral equation in the space Consequently, t^{x) = Unx ix,0) G 

[0; 1]. Based on properties of the first boundary problem for heat equation 
and the Darboux problem for wave equation, considering representation (6), we 
get that Un gW for all /« G Cg (D) . 

By virtue of the inequality we obtain 

W'^n ~ '^llw2'^(no) Ik" ~ ^ Ik" ~ /llo 

Therefore, {u„} sequence satisfies all requirements of the definition of the strong 
solution. Now we can state that the problem B is strongly solvable for any /, 
and strong solution belongs to the class of functions W 2 (D)nHk’^ (Do)nC {fl). 

Theorem 1 is proved. 

From the Theorem 1 we can conclude that operator £ of the problem B is 
invertible, and inverse operator £“^ is Hilbert-Schmidt operator. There is a nat¬ 
ural question on the existence of eigenvalues of the operator £“^, consequently, 
of the problem B as well. 

Theorem 2. Let a > 0, /3 > 0. There exists A G C such that the equation 

Lu = Xu 


has non-trivial solution u G W. 

Proof; We denote by £ a closure in L 2 (D) of the differential operator given 
in W by equality (1). From the theorem 1 follows that £ is invertible and £“^ 
defined by (6) is the Hilbert-Schmidt operator. Then operator £“^ = (£~^)^ 
is nuclear in L 2 (D). Therefore, we apply the result of the Lidskii |13l | on a 
coincidences of the matrix and spectral traces to the operator £“^. 
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Lemma 1. [13| If operator T is nuclear in a Hilbert space H, then for any 
orthonormal basis (j)i (i = 1,2,...) in H, the equality 




( 21 ) 


k=l 


k=l 


holds true. Here Xk are eigenvalues of the operator T. 

Known that if operator T is nuclear in L 2 (H), represented as multiplication 
T — PR of two Hilbert-Schmidt operators 


{Pf) ^ ^ 1 ) f 

n 

(Pf) ^ f 


then Gaal’s formula for calculating traces [14 1 


n Ln 

is true. 

From (21) and (22) we deduce 


SpT = J j P [z, zi) R{zi, z) dzi 


dz 


Sp& - JJ JJ PK{^i^yi\^^y)dxidyi. 

n n 

From (20) it follows that 

K {x,y;xi,yi) K {xi,yi,x,y) = 0 (y) 9 {-yi) 9 {x - ^ 1 ) 9 {yi - x) x 


( 22 ) 


^Gi(yi - X, y)G 3 (x -^i,y) + ^Gi (yi - x, y) G 4 (a; - £.i,y) 


+ 


+9 {-y) 9 {yi) 9 (rj - xi) 9 {xi - C) [^Gi{’q - Xi,yi) G 3 {xi - i,yi)+ 

+ {'q-xi,yi)Gi {xi - ^,yi) +9{-y)9{-yi) {-^9{y - ^ 1)^(6 “ C) x 









x6»(77i - 77 ) 0(771 -^) 

+ 0 ( 77 -^ 1 ) 0(771 -^) 


ri (» 7 i, 0 -^/r(? 7 -i)di 

?i 


dvi - h^iv- ? i ) X 


ri( 771.0 - ^I^iv-t)dt 
«1 


ri (771,0 Ti (77, 6 ) + ^ri (771,0 / r (77 - 0 + 

?i 


+ 1+1 (77, a)/r (771- 

« 


2 m 


a) J'^im-t)dtJr{ij-t)dt 

« Cl 


Therefore, 

S'77£“2 = 1 JJ dxdy ff 0 (a:- Cl) 0(771 - a;) [Gi( 77 i - x, 7 /)G 4 (x - Ci, 7 /) + 

f2i O 2 

+ aGi (771 - x,7/) G3 (x - Cl, 77 ) dxidyi - ff dxdy ff 0 (77 - Ci) x 

0,0 Q.Q. 


X 0 (Cl- 0 ^( 01 -77) 0(771-0 


ri (77i,c) + ^/r(77-<)(if 
Cl 


dxidyi+ 


+ ff dxdy // 0 (77 - Cl) 0 (01 - 0 I ri (01, 0 Ti (0, Cl) + ^Fi (771, C) x 

O 2 ^2 

r/ ^ m 

X / r (0 - f) (if +1+1 (77,Cl) / r (771 - f) dt+ 

Cl c 


2 1)1 


+ £ / r (771 - f) (if / + (77 - f) (if 


dxidyi = Y, Ik- 

k=l 


( 23 ) 
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Let us show that ^ Ik > 0. In fact 

k=l 

h + l2 = jJdrjJd^Jd^iJ e{r]- Ci)0(?7i - C Pi {Vi,0 + 

0 0 0 

V Vi 

+^ri (?7i,C /r(?? -t)dt + ^ri (77,^1) / r(?7i - 1) dt+ 

Cl c 

, V 1 ri 1 1 

+ (a) J^ivi-t)dtjT{r]-t)dt -jJdr)Jd^Jd^iJe{r)-^i)x 

^ ^ C Cl J 0 0 0 4i 

xdi^i- 0 dim-v)d{m -0 ivi ,0 + ^ I^{v-t)dt dr]i = 

Cl 


1 r] T) 1 


= i f drjf d^f d^i f d(r]i - ^) Fi (rji, ^ f T (y - t) dt x 


0 0 0 


X |ri (77,6) + ^/r(77i -t)dt-0(^i - 0 ^(m -v)j dm > o, 

Since, due to ( 8 ), (15), (19) Li ( 77 ,^ 1 ) > 1 and a > 0, /3 > 0, then 

7 ] 

Ti (?7,?i) + - / T{r]-t)dt-e{^i-^)e{r]i-r])> 0. 

a J 


Now consider L . We have 


111 1 


h = ^ J dx J dy J d^i J 0 (x-^i) 6 (m - x) Gi(m -x,y) [G4{x - ^i,y)-\- 


0 0 0 


1 1 cc 1 


-^^Gsix-^i,y) dm = ^ I dx J dy J d^i J Gi (m-x,y) [G' 4 (x - ^i, 77)+ 

-* 0 0 0 a; 


1 1 cc 1—cc 


+ ^G 3 {x- ^I,y) dT]i = ^JdxJdyJd^i J Gi{x-^i,y)x 


0 0 0 0 


{m,y) \ dm = dxf dy (jGi ( 6 ,j/)rf 6 ) x 

-I n n \ n / 


0 0 \0 


/ G4(772,y) + |G3 {m,y) dm 

n L 
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Function Gi we represent as 


Gi{i,y)= J Go{t,y)dt-\- j G^{t,y)dt J T{r)dr. (26) 

0 0 0 

Taking (12) into account, investigate first item. For this, we use the following 
transformations: 




/ Go {t, y)dt = J2 I 


n— — oo 0 


y+2n _(y±^ 


: oo ioo 

■dt = ^ E f 

n— — oc y+ 2 n 
2v/e 


dt = 


2 



y+2n 

2vT 


/ f 


OO +00 


dt = 


n—0 y+2n 

2VT 


oo oo 


^ E f e-*^dt- E f e-^^dt 


n=0 y+2n 

2vT 


2 


n= — l _ y+2n 

2VT 


OO <30 


^ / e-^dt-E f e-*dt 

n—0 y+2n 

2vT 

From here we get 


n=0 2 n-y +2 
2vT 


2n+2^y 
OO 2vT 


= / e-^^dt. 

n—0 2+yn 


2vT 


s 

J Go {t, y) dt > 0. 


(27) 


The equality in (27) will be true only when y = 1, i.e. 


J Go it,y)dt /bO. 

0 

Then considering F (r) > 0, with respect to the second item of (26) we have 


c i-t c c-T 

J Go{t,y)dt J T{t) dr = J T (t) dr j Go{t,y)dt>Q (^0). 


Similarly, we can prove that the second item of (25) is as well positive. Hence, 
from (25) we can state that Ii > 0. From (23)-(25) it follows that SpZ~^ > 0. 
Then by virtue of (20), we have 


y:v(£-^)sy:y(£-‘)>o, 
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where (£“^) are eigenvalues of It means that X) 'where Afc are 

fc=i 

eigenvalues of the problem (l)-(3). From here, the existence of eigenvalues of 

the problem B follows. 

Theorem 2 is proved. 
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